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0dly the tesic mrorerties of metale are investigsted; namsly, elastioliy
and che nonlinear Cepindense of str<ve upon deformation boyond tis olastio
1imit and aleo the pature of "lcad-rolieving" and repeated losd {Figme 1).

~ For astive plastic deformation

TA =2 (e,) er> e +°'? (1)
Yor load-relieving A / A PA (2 L
o =E&le—-epq) de = Eds, =gy v Sle=g,)
T8 complex etrained state of an element of & solid 1s charmcterised by
the uniform vniversal teasiow o (premmwre is = @~ ) and by the stresioe of

form variation B8e g (e . B = x’dla’ = ), camprising the deviascr of etress .
(Figere 2); the a.neof 125 main‘dtmponents is equal to zevo! :

A s e,y =
and thererore it is relategonly to the distortion of the form, and not to eny
change ir volums of an element. :
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‘as dnformsd state of an element is detem.ned by the universal extennion
(or campresaton) 9, equal to ome third of the rsla*ive change in volume end de-
forpatione of form variationdy g (g: G = X, Y, 2); which comprise the de-
fcmmt.icm deriator: R )

«Tx, y, = .J'w-'ro.

The second invariant of the stress deviator is called the 1nten91ty of
the tamgential stresses or the octahedral nfreaa

ks Ve = FVEST,  eaiEn O

“yuantity o3 ig called the intensity of stress or the redunced stress;

: ‘n tixé case of simple tenmsion (elomgation) of the specimen the quantity L 4
is egual to the fensi].e stress.. .

If at any point of the solid an octahedron 1s mentally cut out, the axes
of whick colncide with the main axes of stress, then only tanzential strese ' .
<t and universal uniform temsile stress ¢~ act on 1te faces (Fiuwre 3),
The gecopd invariant oi‘ the dsformation deviator is calied tho cctahedral de-
"omatian' .

VT g ; V"3 o8 e;“‘?‘é’ft )

The quantity €. 1s called the intemsity of deformation or the reduced
elongation. -

In soilds of cuuplex form, for a complex nature of load, the strained and
defnrmed state (in general the mrchanical stute) 1s determincd by the quantities
o, €, Sye . I e and by thelr variations during the whole pericd of deforma-
tion. Thexrerore, it i1s possible to examine the ve~y general relation

. I

S
A Ses — B, 3. +4a ﬁﬁ' By ',)_QSL'*'“"?
+ SA;Sas LT~ 5813qg¢1—'t+° . QD )

!-. which Ap, B, An' B,' are any funstions of time, 1nmrinntlsm and
3(., , thair ez ntives,r{’ e otc.

Equation {5) is the methematicel ezpression for sll ths known tleories
of continuous deformatls solids, as #9ll ac for an infinite numbor of still un-
exaninel new theories of continuous dsroxrmable solids., It inclevdes principles
of .ydrodynemics, theoiles of elasticity, theories of free-flowing material,’
all known theories of plasticity, theories of "heredity,” basic thenries of
creep, and others. It all depends upon the numbor of terms to which we limit
ourgelves ip equation (5) and upon the manner of chcosing the coefficients.
1t is the most gemeral integrodifferential tensor-lirsar equatlon relative to
teneors Su & a.r:l-?w ; therefore, 1t encompasses, so to speak, the whole
past and future of any elamsnt of a solld. Of courae, an even mors general
equation can be written, but for our purposes this is not necessaxy.

Ve call the variation simple if, during the period covering the ccmplex
girainel state of the element (called simple load), the deviators

T THE (&

xf
vhioch are called the "directiomal" tensors (bscause they dotermine the main
axes of streas and strain) do mot change during this period.
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Theoram: -Fqi- slmple load, equation (5) can be transformed into & binomial
equation; for ezarmple, in the form . .

= . Sﬁ R Q 4 &2 3]
or in any form containing & finite numbgr of terns.

Fa le ; )
oo 99us 99ua = -4 3Sga
DSxs = C, 3% 725t a8 3t (.S,

83 OSpm s . ®
3)36';7‘!; = .a_%'—+é‘<'4}§@:ffsgrp

- Th: flret of the forms (8) 1g applied in the hydrodynemics of visoous
liguids and in the Sen-Yenan-Levi -Miges theory of piagticity; the second en-
comparses the Pramdtl-Race theory of plagticity, the Maxwellian theory of ve-
laxation, ani others; the third ropregsents one of Preger'e recent theories df ]
blasticity. It ig possible to obtaln a form of Balyayev's theory of Plasticity,
and. Bingemov's and our form of the theory of visvo-plastic solids, apd others.

Thus, in the cage of simple stress all basic theoriss of Plasticity agres:
with each other. We select form (7), representing a generalizdd form ¢f the
Hank-Miges theory cf plasgticity, es the most simple to write, although in the
case of simple load, they are all equivelent and reprosent & single theory -
of plasticity, as developed in our vorks. i

Tuvestigation of all existing experimental material has shc.- that in the
cagse of simple lced, the equelity of the veviators of stresses axd strainas,
their rates, etc., is fulfilled to a satigfactory degree of aceuracy, '

If the influence of rate, time, etc., is disregarded, 0i°, rather, i1f the
tests on the complax strained state in the sense of temporary copditions are
conductad ‘n the same way ag ordinary tensile tests, then the diagram of g~
veryws a-i varees with the diagram of simple tenglon, that is:

cowe E fax
e o 8 ay),

Tolurnt 2 strain satisfied Hooke's law

r = 3Ffe (10) -

Equation (5) tor a simple load on an element of the solld leads to the
following relationship between etrsss and strain:

X X

e

Swp = Sei Tup, - Y, 2 . (1)

Formulas (9), (10), and (11) also represont the law of active plastic °
deformation. Hooke's law im obtained asg a special ¢case when £y L) Gc_f B

Elastic deformatiun during "load-relieving” of an elemsnt of the golid’
conforms to the law £ "load.relleving": !
o)

Sﬁﬂ = &G (9;( V2an 50" )’ %8 = XY, % ""’tc(le

’

)

o) :
for which 3 &p is the component of the plastic deformation correaponding
to streas Sa a
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. The followirg question arises: Can there actually be instances where a
s0lid of complex form for a ¢somplex nature of the load 1s eo deformed that
overy ome of its elomente experiences & simple load stress inaofar as 8 aingla
theory of plasticity exiats in this case. The ansver to it is the £ollowing
hypothesie about slmple load stress: If the loade of any complex form, applid
to a solid of arbitrary form, vary vith time in & gimilar manne~ (that is, in
proportiom to ons goneral pareméter), then sizmple load stress oociie &t sve:
point of the solid. Thur 2 single theory of plasticity encompasses a wide '
range cf technicdl probloms. : . i

. The hypothesis of simple load siress le-& theorem that has been demonsiratod
for materiale vhose voluwetric variation during deformetion ean be disregarded
and whose lav (9) ey versus e 4 is rether closely approximated by
power-geries functions, e :

The equations of equilibdrium of an element of the solid have the fdnn:

g% +3§;‘ ¥ ig}“-‘. %S:ﬁ*fﬁ.:o’ ‘._‘98’531‘2—' (3)
where F g' 15 the vol\metric‘force o ) :

The values of o and S“ £ , in accordance with (9), (10), and {11)
cen ‘be assumed t6- by aiready substltuted in’'these equations ; consequently, -
there are threc egquations containing three un¥mown compcnents of translation
of any point. For any material possessing hardening, the equations are of
the elliptical type; that ls, eimlilar to the equations in the theory of elas-
ticity. For ordinary boundary conditions, their solution is unique; and the
theorem of minimum work of interrael forces and others also hold true.

One of the effective methods of solving problems o? plasticity is whown;
namely. the mothod of elastic nolutioms. t cunsinote of tue fact that the
formula is written in ths fom '

oy = 3G¢»‘-l}'-'w<€i)], 0L w<f (1)

anrd In Lhe first approximaticn it im aprumed thet 4) = 0, A problem of elas-
ticity is obtained, which ia solved, and tranclations and deformations are
determined at all pointy of the solid. The distributizn of atress in the fire
approximation ig found {n accordance with the formlas of the theory of plastic-
1ty (9), (10), (11). Further, the functicn &d s found in the firat epproxi-
mation and the problem of the theory cf elanticity im again found frem equation
13, which corrected mass forces; ite solution cives the second approximation,
stc. In certain cases and most ofiemr in problems on streas concentration, the
first approximsiion gives i practi®s a satisfactory picture (recently again
conrirmod by G. V. Uzhik in the Metallurgica: Inatitute of the Aondemy df
Soiences USSR).

We g0 on tn sare basic applications of “he theory of plasticity.

Same of the Simplest Probleans

1. The theory developed hore in the greatest duvtail i_ that of the bend-
ing of a besam by transverwe forces. As an example, lot us examine a beam of
rectangular cross section of width 1 and height h,
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~->hain crorn seallon. let koo the bending moment; -I, the moment

of 11'.01" NEIN K cwreluye g 'mm\m Ti v of the mamrial e, =
eorrespomin‘, deformation, 11 vhe diagran g ¢ versus g 4 1s repre niew fy
& br akon '1line ro that ;

mnO ey Z. e WsA 2 = es 636
Y 52 g ( —{-')) H S?
S J_ deo. . » {15)
® A== E?::,
“thea thoe cousst “n of he bent exie.cf the beam will e
K~ - .
G- S

vhere k  is the 1oduced moment end % le the reduced cruvature:

o‘:if‘;] 5 /f = 54:5‘ R o (17)

The residusl survavucs of the vean after removel of the load is:
T =’ /l/ - l?b .

Figure % ghovs the seperal and reridual strenees. o

(22)

‘2, The stabllity uf a commrensed tar has lon- teen investigated, Durin~
the losp of stabilisy in the ovoss sechicn, & re;lon of load-relleving appears,
placed at a dlstance ,o from tho center plane of the team (y,<0). The
critical force can bc found by Euler's corresponding formula, if instead of
Young's modulug E wo toke Kayman'e modulus; thet is, 1f we amltiply the firast

b
’ iy --1"(1 zc_ M)-a—ixa—ﬂ-s (u;)

vhere 1, So respectively ars the mament of inertiz and the ste%lc moment of
~Art of 'Eha éroass section, in which, during loss of stability, an active plastic
deformation takes place. For & rectangular cross seotion we have

Tps fangont of the a.agla of plope of tho cwve &g versve Al
egual to'( -.&8s, ) on the diagram descriding the temsion (olongatioﬂ}’ i tne
specixen is " d the modulws of haniening.

3. During strong twisting of a roller, a roglom of plastic defsrmation
appoars aad exterde up to the oxternal swrface (Figure 5). Tho dependense of
the angle of torsion M apon twist ff  ‘ic dolined by tho fornula following:

N o ,
M= GlpT -~ %T(I,o tf — esSpT VI +{:-r¢;’(19)

vhere G ls thu rhooy wodulus and I, and Sp are respectively the polar end
static 1 nomen,. ox inervia of tha rechlon
9
I, = o
-

wanen the moment is reducod to zero, the rosidual twinrt is:

?=T—éAfF
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curing which the repeated mauents of the previous d.ireut!on pxoduoe onla‘ an
elagtio twisting, 1f they do not exceed in m@itude the first wisting ncnent
which produced plastic def’omtion ) :

b, Strenzxee and atmins of o hemisphere and tubs under. the 1nf1uanoe of
4n oxtermal pressure Py, and internal pressure F, are found, within the elastio -
limits by mzans of Lame's formulas, In order that. the whole mase of the hemi-
gphers should pass into the plsastic umte, the neoesaary Premsure *sg

_ P PARELL iv +m-a)(s+«}fr)a-'
afav- z)w}«j 3[&@ z.‘efid..

_ and the increment of the ‘mwr reiiua ie:

oT Agry | -é‘ w
yaa'kﬁ"’; C,',) [p: a‘ ’;! n S,‘q + (21)

+ R X —— T
Here k 1s the modulus of volwmetric oompression.

Far b o2, A »0.95. P 20, P z1.7@ g and K¢ 20
a - o
we have:

vp = 0.01092 - 0,00020
a

The second term refleote the ilnfluence of the ocupressibility of *ke
metal, It is 55 times smaller than the firet term; thereofore, the 1nf1uonce o
compressiblility during plastic daformation is amall,

If in the tube under pressure a plastic region of radlius o e I*
b, appears, them for decreasing pressures a residusl aercimation will appear in
the tube, Gefined by the gradh in Fignre T.

Fer thick-walled tubes X - 5 £0.5, the residwal deformations are
not darge. For exeupls, if the thiolmasa cf the wsll. by haives oy lega, goes
beyond tho elastic limit (x*<C1.5 a), the residusi ’eformations will be wp to
10 percent cf the usuel strains.

For simultansous actions of the axial force P and pressures Pq a.nd By,
the tubs goes beyomd the elastic limit if the valuas:

42 Pa - Pa)VE _ﬁi._a_
P = . -y P L A
S c. cg
satisfy the equation:

| - p""fﬁv-l -r";/fp””f"p‘l‘m .
’ - ey
S O L —:)Ht"u—pwwj ¢ ()

Simlilar relations determining tiae supporilig capacity of solids are
called "ultimate relations." If the tube duers not elongaie along the axis,
then “rom (§) we find:

P”'O’ (P._"Pl.)

.Q:s..ﬁ.

-6 -
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Zguilibrium in Plates and Shells

The luternel forces and maments erising in shslls during elastic -plaatt
deformations are expresssd as straing and toraions (Msti‘ngj in the mean sur~
face by rather complicated formulae. F'gure 8 shows the forces aoting upon an
elanent of & shell, Inverse Dumotional relations are also fourd only if the
meteorial possesses huxrdening. There exists a potential U of the generalized

T;;'& 3'3'&9 s

forces such that:

TTZ':-%-U_,‘ »‘ ’r;:-ﬂ!.._.,

dey

e g wes gk,

in which U represents the work of tﬁe intermal forces, which is equal to the

unit area of the mean surfage.

Ie the meterial of the shell dner —~% pospess hardening, then one "wltimmte
rolation" exists ‘betwoen tie fordes and muments aimilar to Mises' condition far
Plasticity, It hag approximately the Form:

‘%:"("’f ~T; T3 +T3 4 3T,0)+ A (M:} M, oMl Mds
(2k4)

e G £ A L Tum, LT oMY
B ’ p
Here Ts “csh o M _.kf_

ard h igs the thickmess of the shell. e ultimste relatiorn" (11) permits one
to find the supporting capacity of the shells, -

1. Defarmetion of Plates and Their Planes

If %he main etresses g-, and g=3 bave the ’ame oiqu, then the bquas
tions of the plaus prodlem will be of the ellintical type. Yor matorisls pot
possessing herdening, “he somdition for Plasticity T max - cont waich almost
agreos with Mises' conlition, gives eithar qa:t‘ aNre, = aK:

o a < <
s L &N & 35
and therefore, ome of the family of lines cf mein stresses oconsists of atraight
lines (Figwe 9) end the other, of parallel ourves orthogomal to the straigrt

linss. This circumstance permits ons to solve problems of supporting esparivy,
& jeut of vhich are shown in Figure 10.

In the first case, the suplcrting capaoity is determined by foranlas
in the gecond, by prossure: :

Pk kza |

-7 -
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*
“in the third, by o ' .
Cpeang, 3
vhere R is the radius of curvature of the onter contours and H is the Width of

the ring. ’ .
In the case where a gravitaticpal force pg (Figuke 11) acte alosg the

rectilinear famlly of trcjectories and the stress P Bcts on the cater contour
and the stress g, on the inmer, then the supporting capacity is defined by

forpula: _ ) .
' w T R’ . oo
PF 4 e L eguRear 4

Hence, in yarticular, for a roupd disc (R' - b, R" - a) rotating with angulay

volocityad: a Past - \ ‘
‘ . b-a
P-q% +3b (b'~a%)=an :
2, Bepding of Plates (Figure 12) T ‘ v ;
‘ The ‘problem of the bending of plates genorally lends to a varlatiomal -
équation {caloulus of variaiion): S v ,
¢ (Py )SPdxdy = S wdxd 26)
2 5§ (P ISPrdxdy= £ ¥s
where ¥ is the bend and g ig the load and
n‘ .—
IR = = M7 M‘“)—"-’ ]
-33{‘,‘7‘& =-% Ma-f M (1)
A, = V.."/a_ = - 2 Mm Y7
dx y Z .
The funstion I 1s determined by meang §f the dlagrem @ § Verews gy , thust .
I = I% “teideyy :
i ] P ‘_P‘ ) a . &
- , Ry P KXy TRt
Tho equation obtained from (26) can ne integrated by the method of
elastic solutions which method 1eado to a ¢cnveging procoss of successive £

approximations. Equation 26, howevsr, cen 2lns be sclved by Ritz'e nethod

We can obtair a reliable appreximate colution, 17 we use an elaatiy
fore of bending. Let us assume: 4 )

[N s 4 I
—_— i (X .
- whero & and D are respectively a characteristic dimension and the hardness of *vl:‘:'
. the plate and o 1s an undetermined constant. Let us assume for ¢ = Yo, Where W

9o 18 a characteristic constant value of the losd, that fcrmmla (28) gires : .
an exact solution of the elastic prutlem. Then during plaatic dsformation

ve obtain
=0 -
10 E A¥) ;defj ]

f
v ;

-8 -
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- where ] 1o & dofinito function of p and T = g . ‘

It 18 eagy to Find éxact solitions for the Troblems of d.ofl’e&tion in

roun: plates subjected to a symmetrical load, An example 1s ghown in Tigure

12,

" The problem lsads to the integration of an eguation of the Tipst

order: .
» R ’,(/;_.9,)_(;3;\-3\;)%—%-_1-% '.(:(' .) '
s 4¥_ = , = £, .
¥ dx T v ;LU‘-Q_)'*LS)(—-:L_V) "S“S?r | »rdy (30)
:h:rg'*—;:‘ :)&i-_‘l- ;u«u(:-‘ | .. ;T = -P% 5 : afm P j_s' .tl}a‘i‘nterﬂ?cﬁim‘f“'” at'” \
{ ! - . - . > .
SL=0, ~e.é=lv)‘, uQ A (1» :3;: +:Ls ) ,CG’J:)"-' ~

e -
‘;’.:*.a.-‘v,/.\‘lga*‘k-v‘-f};.\fr) P:,'%z:;‘

If the o' 3 end lnmer conucurs: are free from moments (M, - 0), then

'F:‘g Ir =av=0, e=\
"-:'. For a round plate subjected to & uniform load, an approximate soluts .n !

by formula (29), for the case of a complete elastis-plaatic atate, gives:

& & - ‘ a (31)
A = CmAdeot @20 k-2l 4, e et

b ' Conmparing the approximate solution with tha accwote solution, wa
dlscover a ditference in deflection of about 1 perceit and a difference in
P stresses of about 15 percent. ‘

For a square plate, an approximate golution is taksn in form {28)
where

2 6 wxE ¢ LK
: R

Pigures 14, 15, and 16 ghow. the plates and the distribublon of the
inteasiiy of etrain (daformation) ; that is, algo the maximwm raduced stress.

Daflection in the center ¢f the plate is:
*
Wo 5;"- h >

wkere e, 1s connscted with the réduced load ..
, R
A = s‘. f 9 az
by tho following relation: 3
Fe(1-2)e, + a, 442 - _e;f.z) Le, 78D,
[

In analyzing the relatiors beiween the force k and the shift in
pcsition e, of the solid, we see that the relations are analogous to those:
in dlagran of @ { vVersus @ { - :

-9 -
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The supporting cspacity of the plater, that 1s, the maximum value of
 the 'oad for which they lose equilibrium if the material does nol possess hlmd-
sning, is found hy a formula simlla.r to Ixalaigh' formula for the froquenoy of
oscillation of a rembrane: .
a®

Ko g SlErd
K» - Qgsa—a ’ q‘ q; 9(7-; 3)-

he appropriate form of &eflsction v, in agreement with this. formala,
. &lvi&\rﬁ gives a quite exact value of the maximm loade.

e vih, (148 <A

The exact solution for the protlems on the supportlng cepacity of
round plates (Pigure 17) leade t: tho depentecnco (Figure i8) of the msgnitude
upen the retio of the dimensionn of the platv‘s

(32)

Fer & continuous circular plate eubjected o8 .symetrical 1oe.d
(Figure 19): [ :

9.1 @) "‘C'r> = § Tedes prw

)

iﬂ.z:ﬁp: = A ..__,__s
I rS Flpd,

A comparison of +the exact calculations with the approximate caleu-
lations of the supporting capacity accoriing to formula 32 gives in all cames
amalyzed by w a difference tha® fall fa the limita ~f possibls values of

the quantity 6 2 g 8 g -‘-/_-%__ X

which corresponds to Misee? and Sen-Venan's conditions for plastiocity.
3. YWommcment Theory of Shells uvi Kevolution

For small straing the problem of elastic-pizatric¢ &~formations re-
c6ivea a simple general solution in thore cises whels the lomi varies emoothly
in the ewrface of the ehell, If, during transition from one section along
the gemeratrix to amother .-+~u.on for a distance of the order y* iR, the lced
changee slightly (less tha.n\/ in eouparisse sith 1), then iis state is mon-
moment (Figure 20.) :

New, interesting problems are obtained if ome jicmines large deforma-
tions. TFigure 21 akowe a circular plate wiih a lerge deflsction, Its azact

«clution for any functional relationshiy Bstwasn yep and @ { expressel in
pover terms 1o given ac & power seriss. 1ln the came of w onble parabola:

Q= (5})8

- then the relation obtained between the deflection in the center and the pres-

sure p is: -
Wo = 0,476 3/ &_5;1' 3
d FA o

An snslyeis shows that the murface obtained is almost spherical
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Sphericel and oy indricel:shells, plastically deformed upder the actien
~1 intormal prosaurs, are considerably strengthened 1f their material is capable:
»f ecld-hardening: For a spherical shell {Flgure 22) the relation between
krogsure and ultimate defcrmation ie thus:

pe -

. Ly ) 0 E
- ) Steel shells, for deformaticns of the oraer. D - T percent, can posseas
: ];ur"gzn‘zng »f the order 50 percent and abcve. ‘ ’

. Koliing and draving of futee (Figure £3) sre ccuputed exactly. For -
cxamplo, Flgures 2% and 29 siow wolutions for vhe case of a comical dls,

Here E:, and E'-;_ .3 the raridionsl and tungeniial stresses reduced
to maximun flow ‘g, L€ ie-the corine of hwlf the angle of conieity,
£ g ; z7is the roin,ivn thickness of the wall, The ourves how the
surface-pregsure distribution, the veriation in well thickmegs, and the stress
as fuictional dependenciea upon the relative (reduced) radime r ay
a

~ Cuxves fur T (F) oive the distribution of axial elongation sud permit
one to find the awount i = ntraction and elongaticn: o

VAT -20) = S ) -

The moument checry of deflection of a cyeindrical ghell audbjlected to
a oyrmet>'cal load (Figvre 26) rerul*e in o nonlinear equation

4 —_ . ~ 2
%_.’_Yw =P+A8t+ld;3f.,
e ) X

into which enter %2 corrections in tengentlal forcs 0y and mament Sy because
of piastic deformaticm. '™ . regloms appoar In_the material: a clearly
plastic region (L X, ), oisstic-plastic resion Xy - xr , and an elantic.

apPlylag the wsthod of elagtic rolutions, wo esulve the problem i
A. H. Erylov's beam fun~ticns Iy, I, 1., I;:

dla=l, Mswdpe o iy, 41, - 97y
dR . 4z d7 .

The thlrd spprox.uw..lon differs almort imperceptibly from the aecond;
and in conformity with the p?hlom of ¢yelic premsurs, a relation is obtalued
spong tao gquantities P ot , which ars do.cndent upon the force P and the
doflection und-r fored w end upon the ewrvalura: L "

s
P fap, *e gp -

The reistionshiy i ivoa tn obe ©oow of graphs (Flgare 27) for
variour values of the parame .or A , vatvh shcructerizusc the capacity of
the material of the shell . huxd-n,

The problem on the ~upp.rting capacisy of a shell for various loads
15 exactly solved, insofer ar cho ultimate relaticn betweon forves and moments
acquires a simple form:
& a
Ly + 2 mp=1:2

L
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and the problom becemes statically detsrminadle. For concentrated cyehc
prossure P (Figure °8), the i imum magmtude of thin pressure is givan by
i‘omu].a

PI: : -\,‘-'# - X 2 N h¢5 V%%:

Thie quantity in In very close agresment with the graph (Figuve 28)
for A - 1, which again ani in tho most unfevorable case 1llustrates the
accuracy “of the method of elastic solutions for small sucosselve approxima -
tions.

The Stebility of Plates uni shens

The phencmenon of the Ziss of otability in slcella beyond maximum ehaticity

‘te different from the phenomenon of the loss of etability in the elastic state.

in that it is accompanied by the elongations of the center suriace and by the -
formation of zones of active and passive gtrains. All equatioms of stability
Imewn in the mechanics in the first approximation appear to be linsar, ¥Here

there 18 & nonlinsar relatlon between the infinitoly small strains, stresses,

forces, and ‘mcments; therefore, the obtained équationme of stability are non-
linsar. . .

The. problem of stabill ty in plates, for exaxuple, is a0lved with the hblp
of -two: simaltansous equations relative to tho deflecti. 1 and to the function
of "auxiliary" stress F:

4o — daix .1@_ X oy y+=L_a_ R,)A E*(-2%) y,
Y

v + ,_3 . .

vIFs 4 (a2, S« o 5, bf'&, Ryd 2z

In these equations (Figure C9} we have:

"é.:-—_h_’n‘l = .i_ (1—W’FTT>5

h
= _A&A _ t=5 ,:::5, S =3 ‘a...L
4 nCz-A) ‘{') * 7 + J - § X Jx Aj
= A‘u? a
= Xy —5——“,,_ + 7 o . 4 “ay oot

in vhich X_...§_ are expressed by the initial stressea; that 1a, they are
knovm &8 funciions of the cocrdimaten.

The approximate theory of stahility agrees =aticfuctorlly wiih the exac
tﬁeory, aeg caloulations of ths plates show. It ia ‘arad on the accumption
that the variation of intermal forces & 7., T., ¥ S, cquivalont o
»9ro atressea «n the contour of Lhe plate alunys »gual zere. Thie theory wos
discunsed in Soviet and foreign literature and wes recoinized as the fiirst com-
vletely fundamental theory of stability im plates end cheliis veyond the elastic
limita. A systematic expsrimental verification of the approximats :theoory was
cinduced by us and abroad.

)
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An approximate “heory of atabi ity ln plutee leadr to a linear differemtial
oq\m*ion of deflection, which for constant nltlael stresees hae the form:

(\1 l_u )(,f“) 1‘%-1:2(1-.1.1..2—1—)(1 y)b -
vl ‘L—Yy—/["?;) 4% = o, FJT(X:-’—%-I- rh )

. Dere k a.nﬁ “dépend in o defim’re manner upoa gtrer L

a)
Q"E-r /“‘ )
;ao(] V"')[(l J.v"Tr") 1-"1
The ¢yl tlc,al floxitil vy of tho ~into:
1} =_2.~.__ VITT=m) -
can be found alno from nn ‘onpticn alm'mz Lo .lemhgnl o's equation:
P E'“’S [(1*?) G240, Katiati s
—E LA EY_;w,( + Y_y w_y+ &x_y wi‘ wﬂ d)‘J

Exact golutions are given for probtlems of uniformly comprossod plntes
of arbitrary form in a plane and for certain rectangular plates. The apiroxi-
pations for a large nupber of problems vro ¢ Zved vith lhs roame degree of
diffiovity as in probleme «.)1‘ slagtic dcramation, For exanpls:

)

A ]
1=CG=gyr) @ |

1. A bar and a noreow s.riy, givoen .iuh freely drtwm bordore {(Fane 30):
\ = ‘: = 'TP'\/-_S_E 3
A wide pla: e vich tuvs £eaely m itin, torders (Figue 21):

f.e,,m = qr\/_g;t_u_

3. A cirmlar uniformly-campisgaed »laie pinched on the periphsry

(Figure 3_,: %ﬁ 3 ?g/J

4, A long, rarrov plate, freely reasting along the wiole periphery,
oompressed (contracted) in she direction of the long mide (width p) (Tigure 33)

=gt = \[ i%%;j)-ul+\/% ]’3

5. A sguare. fresly-rosting plate of erlle g, conpressed in ono direc-
tlon:

Y sar V'—&- 3 (2'- ¥y+34],

- 13 -
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G. A tube under the action of external progeure (Figure 3%)

is 5-_»;@ 3F (1- ¢ ret). & I= P.ﬁ

: T. Leagthviee stabi Lity of a 'rube subjected to an axial force and umo
preasure (axial stress twice that of the tangential) (Figure 35):

ts%&',i 3/4/(;-“&,&17)._

s

Pressing Stamps

The n'mne prolLlem of plasticity in a solid which doss not possess haidenr
ingz ‘e interesting only as a problem of the supporting capacity of the solld.
The basic plane problem of pressing stemps was solved by Prardtl, Figure 36
shows & pigture of the lines of el.pping during horlizontal stamping. In the
case “a," the pressure v eubting is

P= ts(i+m~)

In the case "b":

whors T4 18 the limi: of flow to shour: T, ,n..,

A uniform cloeed strass appl 1ed to the surface of q.solid does got change
the deviotor of stress. Therefare, My convorting Prendtl's - .oblem (that im
by applying & closed uniform tensiun (tensile force): ¢~ m 21'3 ( 1+'Y

and by changing the ui@ of the intermal forces, we cbtain a golutiom of the
prodlem of pressing metal through a die (Figurc 37) for the case where frictim
18 abeent., Preassure on wall AB. co seque atly, 1o equal td

P= Q'T.s Cl* Y) ’
If boundary AA' 1s curved, thei: polar cocvrdinatas will yleld ancther
3olution. . The pressure on the wal® then wi'l be

P 14 '
P - Q’T o (-—- + l’W { .
For a cuxvilinear stamp of ius R the following ¥elation holds bpiween
force P, radius of imprint a, its depth 2 pemetrmtion S H

Pt a(3+E <[ F5)-

The axial-symmetrical problem (as opposed to the plane problem) of
stamp pressing was solved by A, Yu. Ishlinskiy. V. M, Puchkov showed that
in this case it is poasible to accept the game lines of rlipping as in t¥s
corresponding plane problem and gave a formii uthat re.ated foroe of pressure
T, arsa I, and volime ¥ of the lmprint (Figuro 38) with each ovuer:

P'—'—P‘ F + P’ — P" V
In this exprer-ion ‘'e have: :
dr = de

Pp = (1+7, ), A =R (147, + Y

in which the integral le taken alon; the curve BO.

-

.
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.z and solving of the basic wnidimenniomel) dypamic problume of .
1z 4G B e balluase Lo MuAuc-u 3in.  If insbantahsdus pressurs impulse i3 . . o
b v,-:‘ Lo the end «f ¢ 7:, them & prowp of compression waves will trav: '
se along cthe rcd.

N

¥
am
ke 2RI R
lh ¥
q‘ 2
b3

then gomes a "packet” of plustic waves of variable speed (Pigure

&g =
; and finally a "load-relieving" vave (Figure 40).

) vﬁirst waves of vhig group will travsl as olastlc waves of wialooiuvy
. 39)
o . » €.

After. the passing of the "load-relieving” waves, the rod will have a
vériable limtic of £low, inaofar as for every section there ls a point A from

which "load -rellsving" bagins.

The machemmcal provlen ileads to the solunion of a eomp 1( v -igetlon :
aquation: 21 w- hypervsiic type; that 1s. to a new problem in mathemationl : . \

shrstes, 7. A et ctnlinis molution wes axtaondad ‘to formlnae Por Any

a.rbibmryzla.w’ dsrci 1 he la,;ling of T of preéssure &% the 'end of ‘the rod.
“Eu, A, Rakhmatulin:: cecond mu-risni yroblex relatés to the pro'b].m of
47 trangverse bloVo . 6.crdes a‘vi- sz rod, in vhich plastic deformations-alsc are
P sammod. to a.riao.

: Lbe mture of the wave procees is shown in Figure U1. A certain critical.
speed '6f the blow on.the wire was found which cavses the destruotlon of - the
wire. Tests with rubber braids confirm the authenticity of the wave picture
as given by Raklmatulin.

The polar-symmetrical dynaiic rroblem was exemined by L. V., Al'tshuler. Ry
Kh. A. Bakhmatulin, and . A. Bakiishiyan.

[Kppomled figures follw_.]
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